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INTRODUCTION
The aerospace and ship building industries intend to progressively replace conventional materials by composite ones that provide essential advantages from mechanical point of view, but at the same time introduce additional complexity in machining process. Conventional CNC-machines provide high stiffness and high accuracy, but the workspace is very limited. Besides, it is Generally, the compliance errors depend on both applied loading and robot stiffness properties. Moreover, similar to geometrical errors they highly rely on the manipulator configuration and essentially differ throughout the workspace. So, in order to achieve maximal efficient compensation, it is required a reliable stiffness model, which takes into account both stiffness properties of all joints/links and correct values of all joint angles. One way to solve this problem is to improve the stiffness model by means of elasto-static calibration [1] that allows identifying the stiffness parameters from the measured robot end-effector positions.
The problem of robot calibration is in the focus of research community for many years [2] . However, most of the efforts have been made for kinematic calibration [3] [4] [5] [6] , only few works directly address the issue of elasto-static calibration [7, 8] and its influences on robot accuracy. Only very limited number of works address the issue of optimal measurement pose selection [9] [10] [11] . Despite the obvious fact that the calibration accuracy may be improved by increasing the number of experiments, the measurement poses may also affect the robot calibration [12] . It has been shown that the latter may significantly improve the identification accuracy [13] . This problem can be treated as determining a set of optimal measurement poses within the reachable joint space so that the affect of measurement errors on the identification of robot parameters is minimized.
In the experiment design theory, which can be obviously applied here, one of the key issues is comparison of the experimental plans. In order to find the optimal experimental plan, numerous quantitative performance measures have been proposed. They have different affects on the identification accuracy, and have been defined as the objectives of the optimization problems, associated with sets of measurement poses. In robotics, there exist two main trends in defining the objectives: one is the conventional optimality criteria [14] [15] [16] , which operate with the trace/determinant of the covariance matrix. Another one is the observability indices [17] [18] [19] [20] , which are based on singular value decomposition of the Jacobian. Both trends have limitations that affects the calibration accuracy in different manner. Besides, the developed performance measures that operate with abstract notions, and as a result they are not in a good agreement with the industrial requirements. This motivates a research direction of this work.
In this paper, to evaluate the quality of measurement poses used in calibration experiments, a new criterion that is based on the concept of manipulator test-pose is introduced. In contrast to the existing criteria, the proposed one has a clear physical meaning directly related to the robot accuracy, and allows essentially improving the accuracy of compliance errors compensation via proper selection of the measurement poses. The main advantages and practical significance of the proposed criteria are illustrated with the elasto-static calibration of 2-link planar manipulator. For the presented example, a series of optimal pose selection maps with respect to different link length ratio are presented.
PROBLEM STATEMENT
In order to address the problem of elasto-static calibration, let us define the required mathematic models: geometric and elasto-static ones. The geometric model that defines the robot end-effector position as a function of the joint angles and link lengths can be expressed as
where p is the end-effector location (position and orientation), vector q is the joint angles and vector L collects the link length.
In accordance with [21] , the displacement of the endeffector under the external loading of serial manipulator is
where the Jacobian matrix J can be computed via differentiation of the geometric model (1); ∆p is the robot end-effector displacement caused by external loading; k θ is a matrix that aggregates compliances {k 1 , · · · , k n } of the actuated joints; F is the external force.
It is assumed that all the geometric parameters {q, L} of model (1) are well calibrated. So, for the unloaded mode (F = 0), the vector q is equal to the nominal value of the joint angles q 0 . Because of the loading F = 0, the joint angles include deflections, i.e. q = q 0 + δ q, where δ q is the vector of joint displacements under the external loading F. Thus, in order to compensate the undesired displacements caused by F, the elasto-static parameters {k 1 , · · · , k n } must be identified precisely. For this purpose, it is proposed to use calibration technique.
For elasto-static model, each calibration experiment produces three vectors {∆p i , q i , F i }, which define the displacements of robot end-effector, the corresponding joint angles and the external forces respectively, where i is the experiment number. Correspondingly, the calibration procedure may be treated as the best fitting of the experimental data {∆p i , q i , F i } by using the stiffness model (2) that can be solved using the standard least-square technique.
However in practice, the calibration includes measurement of Cartesian coordinates that accommodate errors ε, which are assumed to be i.i.d (independent identically distributed) random values with zero expectation and standard deviation σ . The errors for the joint variables are assumed to be relatively small. Because of the errors in the measurements, the desired values {k 1 , · · · , k n } are always identified approximately. So, the problem of interest is to evaluate the identification accuracy for the identified parameters and to propose a technique for selecting the set of joint variables q i and external forces F i that leads to accuracy improvement.
Usually, the optimality criteria that evaluate the quality of calibration plans are based on the covariance matrix of the identified parameters. In this particular case, the parameters of k θ have different influences on the end-effector displacements, moreover, their influence varies throughout the workspace. To overcome this difficulty, in this work it is assumed that the "calibration quality " is evaluated for the so-called test configuration {q * , F * }, which is given by the user and for which it is required to have the best positioning accuracy under the influence of external loading. So, original calibration problem should be solved with respect to the given constraint.
To solve this general problem, two subproblems should be considered: (i) to propose an optimality criterion that is adapted to the elasto-static parameters calibration of industrial manipulator; (ii) to find optimal configuration of robot calibration for given test one that provide the highest position accuracy.
EVALUATION OF IDENTIFICATION ACCURACY Influence of Measurement Errors
For computational convenience, the linear relation (2) where the desired parameters {k 1 , · · · , k n } are arranged in the compliance matrix k θ of size n × n should be rewritten into the following form
where the n × 1 vector k collects the joint compliances {k 1 , · · · , k n }. Matrix A i is defined by the columns of Jacobian and the external force and can be expressed as
where J n i is the n th column vector of Jacobian matrix for the i th experiment, m being the number of experiments. From the identification theory, the joint compliances can be obtained from Eq. (3) using least square method, which minimizes the residuals for all experimental data. So, the corresponding optimization problem can be formulated as
The solution of this optimization problem provides the estimation of desired parameters, which can be computed as
Taking into account that the measurement errors exist in the calibration experiments, Eq. (3) should be rewritten in the following form
where ε i is the measurement errors in the i th experiment with expectation E(ε i ) = 0 and variance E(ε i T ε i ) = σ 2 . It is evident that the measurement errors have affect on the identification accuracy of k. So, the estimation of the desired parameters k has the form
As follows from Eq. (8), the latter expression produces unbiased estimates
where E(k) is the expectation of the identified parameters, which is assumed to be equal to the real value of k 0 . It can be proved that the covariance matrix of compliance parameters [22] , defining the identification accuracy, can be expressed as
, where I is the n × n identity matrix, Eq. (10) can be simplified to
where σ is the standard deviation of the measurement errors. So, for the considered problem, the impact of the measurement errors is defined by the matrix sum
Obviously, in order to have the smallest dispersion of identification errors, the elements of covariance matrix should be as small as possible. However, this is a multi-objective optimization problem, which means that minimization of one element may possibly increase others. For this reason, let us concentrate on the analysis of the existing optimality criteria and their applicability to the considered application in the next section.
Existing Optimality Criteria
In classical regression analysis, there are several conventional optimality criteria that operate with the trace and/or determinant of covariance or information matrices. The most commonly used among them are based on A-, T-, D-, G-optimality principles and maximal diagonal covariance (MDC). In addition, in robot calibration, there exist many observability indices based on the singular value decomposition of the Jacobian. For the considered application, they can be obtained from SVD of matrix A, which contains the Jacobian and the external force. More details concerning these criteria are presented in Table 1 .
It should be mentioned that all of the optimization criteria, which are presented in Table 1 solve the minimization problem (11) in different manners. As a result, they may provide different optimal solutions. So, in order to have good accuracy of robot parameters, it is important to select a proper objective. The main disadvantage of these approaches is that the objectives are not directly related to the robot accuracy, which is a critical issue in the industry. Even if they may increase the identifica- tion accuracy of the robot parameters, they can not provide the best prediction of the robot end-effector location. Therefore, a new optimality criterion that ensures the best robot end-effector positioning accuracy under external loading is required.
Test-pose Based Approach
In order to give a clear physical meaning that is related to the robot accuracy, a new optimality criterion is proposed. This criterion is based on the mean squared error of end-effector displacements and evaluates the ability to compensate the compliance errors for given test pose. It should be mentioned that similar approach has been used in prediction theory, but has never been applied in robot calibration [23] .
Assuming that the measurement errors affect the identification accuracy, Eq. (7) can be expressed in a different manner:
where δ p stands for the deflection error, and δ k describes the compliance error. A t is defined by the given test pose using Eq. (3). Accordingly, Eq. (12) is equivalent to
So, the mean squared error of the joint compliances under the external force, which is defined using term O t , can be expressed as
In order to simplify Eq. (14), the term δ p T δ p could be replaced by trace(δ pδ p T ), such that O t has the following form
And taking into account that E(δ kδ k T ) is the covariance matrix of the desired parameters k, using Eq. (11), O t can be reduced to
Analysis of Eq. (16) allows to formulate several remarks:
Remark 1 This approach is an extension of the conventional Aoptimality concept. It can be treated as the weighted trace of the covariance matrix of desired parameters, where the weighting coefficients are derived using the test pose. It also ensures low values of the covariance matrix elements and allows to combine multiple objectives with different units in a single scalar criterion. Remark 2 From computational point of view, carrying out a single calibration experiment makes sense only when the number of parameters to be measured (the end-effector position for instance) is more than or equal to the number of parameters to be identified (the joint compliances). Otherwise, the system of equations is underdetermined. Besides, from classical regression analysis, it is known that the increasing of number of experiments also improves the identification accuracy. It can be proved that the proposed criterion is well adapted to both cases. Remark 3 If the test pose and measurement poses are the same, which means that A i = A t , the expression for O t can be simplified to
where n is the number of identifiable parameters and m is the number of measurement poses.
To demonstrate the advantages of the proposed criterion, some illustrative examples with comparison studies are in the consideration of the next section.
ILLUSTRATIVE EXAMPLE

Geometric and Stiffness Models
Let us consider a 2-link manipulator with rigid links and two compliant actuated joints located on the base and between the two links (Fig. 1 ). Its geometric model can be expressed as
where x and y are Cartesian coordinates of the robot end-effector position to be measured, q 1 and q 2 are the joint angles that are the design variables, l 1 and l 2 are the link lengths. Assuming that the external force F has a fixed magnitude F, one more design variable ϕ that defines the force direction should be introduced. As a result, the external force can be expressed as
In order to obtain analytical solutions of optimal measurement poses for existing optimality criteria, it is reasonable to rewrite the geometric model of the considered manipulator in the local coordinate system R r . In this coordinate system, the x-axis is coincided with the first link. And the joint angles and force direction can be defined in local frame R r using q r1 , q r2 and ϕ r that have the following relations with q 1 , q 2 and ϕ, respectively:
This allows us to reduce the number of design variables from three {q r1 , q r2 , ϕ r } to two {q r2 , ϕ r }. Accordingly, the Jacobian in local frame R r can be expressed as
Using this expression, the stiffness model (2) can be simplified by rewriting the Jacobian matrix in vector form,
where the scalars J i (i = 1, 2) refer to the Euclid norm of vector J i , and e i defines the vector direction. It can be easily proved that, for the considered manipulator, J 1 and J 2 have the form
Following the same principle, the scalar product J T i F can be expressed as
where F = F, ϕ i stands for the angle between force direction e 0 and direction of Jacobian column vector e i (Fig. 2) . It is also reasonable to introduce ϕ 0 that refers to the angle between two Jacobian column vectors, it has the relation of ϕ 0 = ϕ 1 + ϕ 2 . In the frame of introduced notations, A should take the form
Consequently, the analytical expression of information matrix is
where
The obtained expression is quite suitable for formulating the optimization functions for both existing and proposed criteria. Let us address this in the following sections.
Evaluation of Existing Optimality Criteria
For illustrative purposes, the comparison study has been carried out for 2-link manipulator with the following parame- 
Conventional Optimality Criteria Table 2 . They include corresponding optimal measurement poses and the identification accuracy of the elasto-static parameters. For comparison, the latter are also illustrated in Fig. 3 .
The results show that the solution for the T-optimality corresponds to a kinematically singular configuration with an infinite covariance matrix, which is not suitable for practical applications. Besides, solutions for O 2 and O 4 are dominated by the solutions for A-optimality, O 3 and MDC (maximal diagonal covariance). So, they cannot be treated as the optimal ones for elasto-static calibration. Further, the MDC, O 3 , A-and Doptimality principles provide a set of so-called Pareto optimal solutions, which do not dominate each other. However, they can be compared using a single scalar performance measure proposed in . Using this approach, the common difficulty (defining the objective function) of multi-objective optimization can be overcome. As a result, the possibility to obtain a unique optimal solution is rather high, and the quality of associated calibration plans (measurement poses) is estimated by a physically clear performance measure: the degree of compliance errors compensation. So, let us focus on the evaluation of the proposed criterion and its potential advantages comparing to the existing experimental design approaches.
Evaluation of the Proposed Criterion
Since the considered 2-link manipulator has two output variables x and y to be measured, and two parameters k 1 and k 2 to be identified, it is possible to calibrate it with either one or several measurement poses. Let us start from calibration with a single experiment and further address calibration with several experiments.
Simulations for the case of a single experiment have been carried out for the test pose with the joint angles q * 1 = π/3, q * 2 = π/6. It should be mentioned that the variables q 1 and ϕ are dependent. So, the force direction can be fixed for the test pose and measurement pose. In this case ϕ = −π/2 is used. The same numerical values for the manipulator link lengths are used as in previous subsection. The test pose and the optimal measurement pose {q opt 1 , q opt 2 } obtained using the proposed criterion are presented in Fig. 4 . As follows from this figure, they are located quite far from each other in the workspace. Such test pose is selected for two reasons: For the given test pose, the quality of different measurement poses used in the calibration experiments are illustrated in Fig. 5 , among which the obtained optimal solutions ensure five times more accurate compensation of the compliance deflections. This improvement of the calibration accuracy is defined by a scalar factor χ, which has the following 
The higher the χ is, the more accurate the compensation is.
To demonstrate advantages of the proposed performance measure comparing to the existing ones, the expression (16) is used to evaluate the quality of the optimal calibration plans, which are associated with the Pareto solution obtained in the previous subsection. The corresponding values of χ are given in Table 3 . Here,δ k 1 andδ k 2 refer to the mean square errors in identification of elasto-static parameters. For the presented manipulator, it is evident that the precision of k 1 has higher influence on the end-effector positioning accuracy than k 2 . For this reason, the criteria MDC and O 3 , which aim at balancing/eliminating the differences betweenδ k 1 andδ k 2 , have decreased the desired accuracy of the error compensation. On the other hand, using the A-and D-optimality(O 1 ) principles, yield, increasing of the accuracy by the factor of 1.7 and 4.5 respectively, but the proposed criterion ensures the best compliance error compensation.
The most important issue derived from the simulation results can be summarized in the following remark:
Remark 4 The maximal level of accuracy improvement varies
with the test pose.
In order to make the results more representative, the inverse of χ is used to ensure the resulting values are bounded within [0, 1]. So, the smaller value of 1 χ is, the higher the maximal accuracy improvement is. It is shown in Fig. 6 that if the test pose is in the dark areas, the benefits of test-pose approach are minimum. In this case, it is possible to use the test pose as the calibration configuration. But, in most cases, the improvements are essential, the average value of it is 7.08. The most significant change occurs when the test pose is in the white areas, the degree of com- pensation accuracy is raised maximumly, by the factor of 10.
For the considered manipulator, its optimal measurement pose for calibration with respect to a given test pose can be selected using the maps presented in Fig. 7 . Furthermore, taking into account different link length ratio b = l 2 /l 1 , the maps for selecting optimal measurement poses for b equal to 0.2, 0.5 and 0.9 are obtained and illustrated in Figs. 8-10 . Thus, using the developed technique, for a 2-link manipulator with a given test pose and known link length ratio, it is possible to obtain the optimal measurement pose for calibration experiments and the corresponding level of accuracy improvement.
For the case of several calibration experiments, the simulation results (for two and three measurement poses) are presented in Tables 4 and 5 The simplest way is to repeat several times the calibration using the same measurement pose {q opt 1 , q opt 2 }, which is obtained as the optimal one for a single calibration experiment (case (i)). This must obviously lead to the improvement of accuracy in accordance with expression (17) . However, it is evident that the best results can be obtained using the global optimization (case (iv)), but this approach is more computational consuming. Table 4 includes comparison of all above mentioned cases for two calibration experiments. The results show that cases (i) and (ii) produce almost the same values for the objective function, and the difference in identification accuracy is not significant. This indicates that changing in the variable q 1 has no contribution to the accuracy improvement. On the other hand, case (iii) (optimization with respect to q 2 ) has more influence. The identification error in k 2 is reduced significantly (almost twice), but the improvement in the compliance errors compensation is still negligible (less than 1%). For case (iv), in spite of the error in k 2 is higher than in case (iii), the degree of error compensation is increased by 8% with regard to all other cases. So, the precision of k 1 is more important than k 2 . It should be mentioned that, comparing to one calibration experiment, the global optimization of calibration plan allows increasing the efficiency of error compensation by the factor of 1.5 (instead of the usual 1.4).
Similar results were obtained for the case of three calibration experiments and presented in Table 5 . Here, the global optimization permits increasing the degree of error compensation by 10% with regard to other cases, and by the factor of 1.9 (instead of the usual 1.7) comparing to calibration with one experiment. In this case, the mean square errors in the identified parameters k 1 and k 2 can be reduced to 1.11 (rad/N) and 5.68 (rad/N) respectively. Hence, the proposed test-pose approach allows increasing the identification accuracy as well as the degree of error compen- 
CONCLUSIONS
In this paper, a new criterion for selection of measurement poses for elasto-static calibration is proposed. It is based on the concept of the manipulator test-pose, and evaluates the degree of compliance errors compensation. The proposed criterion allows essentially improving the identification accuracy via proper selection of the manipulator measurement poses that are used in calibration. In contrast to the existing criteria, it has a clear physical meaning that is directly related to the robot accuracy, and permits to combine multiple objectives with different units into a single scalar expression. It was proved that this approach is an extension of the conventional A-optimality principle known from the design of experiments theory, and the proposed criterion can be expressed as the weighted trace of the covariance matrix, where the weighting coefficients are derived using the test pose.
The advantages of the proposed criterion and the comparison study with conventional ones were illustrated via simulation study that deals with a 2-link planar manipulator. For this manip- ulator, the maps for selecting optimal measurement poses with respect to the given test pose were proposed for different link length ratio. 
